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Abstract
We provide a new approach to ﬁlter products of C0-semigroups and prove a spectral
theorem for the generator and its ﬁlter product. In a similar fashion, we construct
ultraproducts of strongly continuous unitary representations of locally compact groups and
study spectral theoretic connections between the representations and their ultraproducts. In
the case of Lie groups, our investigations are extended to the inﬁnitesimal representation.
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
Filter products, in particular ultraproducts, have found a range of applications in
Banach space theory and operator theory (see, for example, [3,10,20–22]). In this
paper, we focus on one of these aspects: spectral theory for certain unbounded
operators.
The basic idea of ﬁlter products is to replace a given Banach space E by a Banach
space Eˆ of equivalence classes of bounded E-valued sequences or, more generally,
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nets—but we will deal with sequences only. Two such sequences are equivalent if the
difference converges to zero along the ﬁlterF: Every bounded linear operator B on
E extends isometrically to an operator Bˆ; called theF-product of B; on the space Eˆ;
by componentwise action on the sequences. The operators B and Bˆ have the same
spectrum. The main advantage of the construction is that all of the approximate
point spectrum of B becomes point spectrum for Bˆ: This allows us, for example, to
derive certain properties of the boundary spectrum of B and of the powers Bn by
applying results which require the existence of eigenvalues to the operator Bˆ (see, for
instance, [20]).
The ﬁrst generalisation to unbounded operators is due to Derndinger [5] (see also
[13,14]) who considers generators of strongly continuous semigroups. His modiﬁed
ﬁlter product construction is used, for example, in the proof of the spectral mapping
theorem for eventually norm continuous semigroups (see [17, Theorem A-III 6.6]).
In this paper, we construct ultraproducts of strongly continuous unitary
representations of locally compact groups and study the spectral theoretic
connections between the representations and their ultraproducts. We prove the
following proposition.
Proposition 1.1. Let G be a compactly generated locally compact group. Let ðp; HpÞ be
a strongly continuous unitary representation of G and ð #p0; Hˆ0Þ be its ultraproduct. The
following are equivalent.
(1) p has almost invariant vectors.
(2) #p0 has a non-zero fixed vector.
If G is a connected Lie group, we extend our investigations to the corresponding
inﬁnitesimal representation dp of the Lie algebra g of G: One of our main results is
the following.
Theorem 1.2. Let G be a connected Lie group, fXigi¼1;y;n be a basis of the Lie algebra
g of G; and D ¼Pni¼1 X 2i be the associated Laplacian in UðgÞ: Let ðp; HpÞ be a
strongly continuous unitary representation of G: Then
sðdpðDÞÞ ¼ sðd #p0ðDÞÞ ¼ spðd #p0ðDÞÞ;
where dp is the infinitesimal representation of p and d #p0 its ultraproduct.
The paper is organised as follows. In Section 2, we recall the ﬁlter product
construction for a bounded linear operator on a Banach space and the spectral result
which motivates our investigations in the case of group representations. Section 3 is
devoted to a new ﬁlter product construction for strongly continuous semigroups. We
show that Derndinger’s spectral results also hold in our new setting. In Section 4, we
construct the ultraproduct of a strongly continuous unitary representation of a
compactly generated locally compact group and prove Proposition 1.1. We focus on
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Lie groups in Section 5; we investigate spectral identities for strongly elliptic and
subelliptic operators, prove Theorem 1.2 and show that this kind of result cannot be
expected for non-elliptic operators such as dpðX Þ; where XAg:
2. Basics
Let E denote a complex Banach space and F be a ﬁlter on N which is ﬁner than
the Fre´chet ﬁlter. We brieﬂy recall the deﬁnition of theF-product Eˆ of E as given in,
for example, [20, Chapter V, Section 1]. Let cNðEÞ denote the Banach space of all
bounded E-valued sequences
ðxnÞnANAEN j sup
n
jjxnjjoN
 
with the norm jjðxnÞjj ¼ supn jjxnjj for ðxnÞAcNðEÞ; andN be the closed subspace of
cNðEÞ consisting of all F-null sequences, that is,
N ¼ ðxnÞAcNðEÞ j lim
F
jjxnjj ¼ 0
 
:
By the F-product Eˆ of E; we understand the quotient Banach space
Eˆ ¼ cNðEÞ=N
with the canonical quotient norm
jjj#xjjj ¼ inf
ðZnÞAN
sup
nAN
jjxn þ Znjj ¼ lim
F
jjxnjj for #x ¼ ðxnÞ þNAEˆ:
IfF ¼ U is a free ultraﬁlter on N; then the norm jjj:jjj on the ultraproduct Eˆ is given
by jjj#xjjj ¼ limU jjxnjj: In the case where E ¼ H is a Hilbert space, it is not difﬁcult to
verify that the ultraproduct Hˆ; for any ultraﬁlterU; is again a Hilbert space, its norm
being derived from the Hermitian product 0#xj#ZT ¼ limU/xnjZnS: The space E is
isometrically embedded into its F-product by means of the map x/ðx; x; x;yÞ þ
N; and throughout this paper we identify E with its image in Eˆ:
Every operator B in BðEÞ; the space of bounded linear operators on E; induces an
operator Bˆ in BðEˆÞ given by
BˆððxnÞ þNÞ ¼ ðBxnÞ þN for all ðxnÞ þNAEˆ:
Note that jjjBˆjjj ¼ jjBjj for all BABðEÞ:
One of the motivations for the ﬁlter product construction is the spectral theoretic
result given below. We classify the spectral values of an operator according to the
following deﬁnition.
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Deﬁnition 2.1. Let C be a closed linear operator with domain DðCÞ in the Banach
space E:
(i) The point spectrum spðCÞ of C is deﬁned to be the set of all lAC such that l	 C
is not injective.
(ii) The approximate point spectrum saðCÞ of C is the set of all lAC for which there
exists a sequence ðxnÞDDðCÞ; jjxnjj ¼ 1; such that ðl	 CÞxn-0 as n-N:
(iii) The residual spectrum srðCÞ of C is deﬁned to be the set of all lAC such that
ðl	 CÞDðCÞ is not dense in E:
The point spectrum spðCÞ is always contained in the approximate point spectrum
saðCÞ and the spectrum sðCÞ of C is the possibly not disjoint union of saðCÞ and
srðCÞ: We denote the resolvent set C\sðCÞ by rðCÞ; and for lArðCÞ; the resolvent
Rðl; CÞ of C is the operator ðl	 CÞ	1:
Theorem 2.2 (see Schaefer [20, Theorem V.1.4]). Let E be a non-trivial complex
Banach space, and let Eˆ be the F-product of E: For each BABðEÞ and its canonical
image BˆABðEˆÞ; the following hold:
(1) sðBÞ ¼ sðBˆÞ;
(2) saðBÞ ¼ saðBˆÞ ¼ spðBˆÞ;
(3) dRðl; BÞ ¼ Rðl; BˆÞ for all lArðBÞ ¼ rðBˆÞ:
The aim of this paper is to investigate the corresponding result for inﬁnitesimal
representations of a Lie group.
3. A ﬁlter product construction for C0-semigroups
A ﬁlter product construction for the generator of a strongly continuous semigroup
on a Banach space was given by Derndinger [5] and, independently, by Krupa and
Zawisza [14] and Krupa [13]. Derndinger also proved a spectral result for the
generator and its ﬁlter product. However, since the space introduced in [5] does not
suit our purposes, we provide a modiﬁed approach in this section.
Suppose ðTðtÞÞtX0 is a C0-semigroup on the complex Banach space E; and let A be
its generator. We assume that MX1 and oX0 are constants such that jjTðtÞjjpMeot
for all tX0: The induced operators TˆðtÞ ¼ dTðtÞABðEˆÞ with tX0 clearly form a
semigroup on the F-product Eˆ of E: However, the semigroup ðTˆðtÞÞtX0 will in
general not be strongly continuous. To overcome this problem, we consider the
restriction of ðTˆðtÞÞtX0 to a subspace of Eˆ constructed as follows.
Let A be the Banach space
fAL1½0;NÞ
Z N
0
j f ðtÞjeot dtoN
 
ARTICLE IN PRESS
P.-A. Cherix et al. / Journal of Functional Analysis 208 (2004) 31–6334
equipped with the norm jj  jjA given by the above integral, and with multiplication
given by convolution
f  gðtÞ ¼
Z N
0
f ðsÞgðt 	 sÞ ds;
where gðt 	 sÞ is taken to be 0 when t 	 so0: Observe that
jj f  gjjA ¼
Z N
0
Z N
0
f ðsÞgðt 	 sÞ ds
 eot dt
p
Z N
0
Z N
0
j f ðsÞjjgðt 	 sÞjeos eoðt	sÞ ds dt
¼
Z N
0
j f ðsÞjeos ds
Z N
0
jgðtÞjeot dt
¼ jj f jjAjjgjjA;
which establishes that A is indeed a Banach algebra.
For f in A; we deﬁne the operator Tf on E by the formula
Tf x ¼
Z N
0
f ðtÞTðtÞx dt for all xAE:
It is routine to check that the mapping f/Tf is a continuous map of the algebra A
into the algebra BðEÞ of bounded operators on E; that is, the mapping is linear,
Tf g ¼ Tf Tg; and jjTf jjpMjj f jjA for all f ; gAA: For tX0 and fAA; we deﬁne the
function tðtÞfAA by ðtðtÞf ÞðsÞ ¼ f ðs 	 tÞ; where f ðs 	 tÞ ¼ 0 if s 	 to0: Then
TðtÞTf ¼ Tf TðtÞ ¼ TtðtÞf : These properties also hold for the induced operators
Tˆf ¼ cTfABðEˆÞ with fAA:
By an approximate identity in A; we mean a family ð faÞaAI of non-negative
functions in A; indexed by an ordered set I ; which satisﬁes jj fajjA ¼ 1 for all aAI ;
and for every d40 there exists adAI such that suppð faÞD½0; d for all aXad: There
are more general deﬁnitions of an ‘approximate identity’. However, using those does
not change our results.
Take the approximate identity ð fmÞm40 in A given by fmðtÞ ¼ me	otw 0;1
m
 	ðtÞ for
all tX0 and mAN: Here wS denotes the characteristic function of the set S: We deﬁne
the subspace EˆT of Eˆ by
EˆT ¼ f#xAEˆj jjjTˆfm #x	 #xjjj-0 as m-Ng:
Since jjjTˆfm jjj ¼ jjTfm jjpMjj fmjjA ¼ M for all mAN; a standard 3e-argument shows
that EˆT is closed. Moreover, the deﬁnition of EˆT does not depend on the particular
approximate identity chosen. In fact, let ðgaÞaAI be another approximate identity in
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A; and #xAEˆT : Given e40; there exists mAN such that jjjTˆfm #x	 #xjjjo e2ðMþ1Þ: Then
jjjTˆga #x	 #xjjjp jjjTˆga #x	 TˆgaTˆfm #xjjj þ jjjTˆgafm #x	 Tˆfm #xjjj þ jjjTˆfm #x	 #xjjj
p ðjjjTˆga jjj þ 1ÞjjjTˆfm #x	 #xjjj þ jjjTˆgafm	fm jjj jjj#xjjj
p e
2
þ Mjj fm  ga 	 fmjjAjjj#xjjj:
Since jj fm  ga 	 fmjjA-0 as ga-d0; it follows that jjjTˆga #x	 #xjjjoe for ga sufﬁciently
close to d0: Hence jjjTˆga #x	 #xjjj-0 as ga-d0: Conversely, if #xAEˆ satisﬁes jjjTˆga #x	
#xjjj-0 as ga-d0; then the analogous argument with ga and fm interchanged yields
that jjjTˆfm #x	 #xjjj-0 as m-N; that is, #xAEˆT :
Two other useful characterisations of EˆT are given next.
Lemma 3.1. EˆT ¼ fTˆg #x j gAA and #xAEˆg:
Proof. If #xATˆAEˆ; that is, if #x ¼ Tˆg #Z for some gAA and #ZAEˆ; then
Tˆfm
#x ¼ Tˆfm Tˆg #Z ¼ Tˆfmg #Z-Tˆg #Z ¼ #x
as m-N; because fm  g-g in A: Therefore #xAEˆT : This gives TˆAEˆDEˆT :
On the other hand, if #xAEˆT ; then #x ¼ limm-N Tˆfm #x: Since for every mAN;
Tˆfm
#xATˆAEˆ and, by the Factorisation Theorem [12, Theorem 32.22], TˆAEˆ is a closed
linear subspace of Eˆ; it follows that #x belongs to TˆAEˆ: Hence EˆT is a subset of
TˆAEˆ: &
Note that for l in the halfplane Ho ¼ fmAC jRe m4og; the exponential function
el given by elðtÞ ¼ e	lt for all tX0; belongs to A:
Lemma 3.2. Let lAHo: Then EˆT ¼ TˆelEˆ:
Proof. By Lemma 3.1, EˆT ¼ TˆAEˆ: The set E of all exponential functions em with
mAHo is a total subset of A; that is, its linear span is dense in A (see, for example,
[1, Lemma 1.2]). Since the map f/Tˆf from A intoBðEˆÞ is continuous, it follows that
EˆT ¼ span TˆEEˆ:
The estimate jjTðtÞjjpMeot for all tX0 yields that if mAHo; then mArðAÞ and
Tem ¼ Rðm; AÞ: Here, A is the generator of ðTðtÞÞtX0: Hence the operators in TˆE form
a pseudoresolvent on Ho; that is, they satisfy the resolvent identity
Tˆem 	 Tˆen ¼ ðn	 mÞTˆemTˆen
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for all m; nAHo; and by [18, Lemma 1.9.2] the range of the operators
Tˆem is independent of mAHo: This gives spanTˆEEˆ ¼ Tˆel Eˆ; which completes the
proof. &
We show next that the space EˆT is a suitable candidate on which to deﬁne the
F-product semigroup.
Lemma 3.3. The space EˆT is a non-trivial, closed, TˆðÞ-invariant subspace of Eˆ:
Proof. As mentioned above, closedness follows by a 3e-argument. Lemma 3.2 yields
that E ¼ TˆelE is embedded in EˆT : Hence EˆT is non-trivial. To see the TˆðÞ-
in-variance of EˆT ; recall that TˆðtÞTˆf ¼ TˆtðtÞf for all fAA and tX0: With Lemma 3.1,
it follows that TˆðtÞEˆT ¼ TˆðtÞ TˆAEˆDTˆAEˆ ¼ EˆT : &
As EˆT is a closed, TˆðÞ-invariant subspace of Eˆ; for every tX0 the restriction
Tˆ0ðtÞ ¼ TˆðtÞjEˆT
deﬁnes a bounded linear operator on EˆT : More precisely, we have the following.
Lemma 3.4. The operator family ðTˆ0ðtÞÞtX0 is a strongly continuous semigroup on EˆT
satisfying jjjTˆ0ðtÞjjj ¼ jjTðtÞjj for all tX0:
Proof. The equality of the norms follows from the inclusion EDEˆTDEˆ and the
deﬁnition of TˆðtÞ and Tˆ0ðtÞ: The semigroup property is an immediate consequence of
the deﬁnition of ðTˆ0ðtÞÞtX0: To see that ðTˆ0ðtÞÞtX0 is strongly continuous, take l4o
ﬁxed and #xATˆelEˆ: Then #x ¼ Tˆel #Z for some #ZAEˆ and
lim
t-0þ
jjjTˆ0ðtÞ#x	 #xjjj ¼ lim
t-0þ
jjjTˆðtÞTˆel #Z	 Tˆel #Zjjj ¼ lim
t-0þ
jjjTˆtðtÞel	el #Zjjj ¼ 0
because tðtÞel 	 el-0 in A as t-0þ: Since TˆelEˆ is dense in EˆT by Lemma 3.2, and
the operators Tˆ0ðtÞ with 0ptp1 are uniformly bounded, this yields the strong
continuity of ðTˆ0ðtÞÞtX0: &
At this point, we can introduce another characterisation of EˆT which holds
only in the special case that the semigroup ðTðtÞÞtX0 is norm continuous
for t40: In this case, the space EˆT coincides with the space of continuity of
ðTˆðtÞÞtX0:
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Lemma 3.5. Suppose the C0-semigroup ðTðtÞÞtX0 is norm continuous for t40: Then
EˆT ¼ f#xAEˆ j TˆðtÞ#x	 #x-0 as t-0þg:
Proof. Let C ¼ f#xAEˆ j TˆðtÞ#x	 #x-0 as t-0þg: As Tˆ0ðtÞ ¼ TˆðtÞjEˆT for all tX0;
it follows by Lemma 3.4 that EˆTDC: For the converse inclusion, it sufﬁces
to show that TˆðtÞEˆDEˆT for all t40: Since EˆT is closed, this implies that
CD
S
t40 TˆðtÞEˆDEˆT :
If t40 and #xATˆðtÞEˆ; that is, if #x ¼ TˆðtÞ#Z for some #Z ¼ ðZnÞ þNAEˆ; then
jjjTˆfm #x	 #xjjj ¼ lim
F
Z 1
m
0
fmðsÞTðsÞTðtÞZn ds 	
Z 1
m
0
fmðsÞeosTðtÞZn ds




p lim
F
Z 1
m
0
fmðsÞðjjTðt þ sÞ 	 TðtÞjj jjZnjj þ j1	 eosj jjTðtÞjj jjZnjjÞ ds
p sup
0psp1
m
ðjjTðt þ sÞ 	 TðtÞjj þ ðeos 	 1ÞjjTðtÞjjÞjjj#Zjjj:
The assumed norm continuity for t40 of ðTðtÞÞtX0 yields that jjjTˆfm #x	 #xjjj-0
as m-N; which means #xAEˆT : Hence TˆðtÞEˆDEˆT for t40; which completes the
proof. &
Since the semigroup ðTˆ0ðtÞÞtX0 is strongly continuous and jjjTˆ0ðtÞjjj ¼ jjTðtÞjj for
all tX0; we can consider the operators Tˆ0f for fAA given by
Tˆ0f #x ¼
Z N
0
f ðtÞTˆ0ðtÞ#x dt for all #xAEˆT :
It is natural to ask what is the relation between the operators Tˆ0f and the F-
products Tˆf of the operators Tf : We show next that for every fAA; the operator Tˆ0f
coincides with the restriction Tˆf jEˆT of Tˆf to EˆT : Note that from Lemma 3.1, it
follows that the operator Tˆf leaves the space EˆT invariant. Hence the restriction
Tˆf jEˆT of Tˆf to EˆT deﬁnes a bounded linear operator on EˆT :
Proposition 3.6. For every fAA; we have Tˆ0f ¼ Tˆf jEˆT :
Proof. It is sufﬁcient to prove the claim for continuous functions with compact
support because these form a dense subspace of A and the maps f/Tˆ0f and
f/Tˆf jEˆT from A into BðEˆT Þ are continuous.
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Suppose that f is continuous and suppð f ÞD½0; t: On the one hand,
Tˆ0f #x ¼
Z t
0
f ðtÞTˆ0ðtÞ#x dt
¼ lim
m-N
X2m	1
j¼0
f ðtj;mÞTˆ0ðtj;mÞ#xðtjþ1;m 	 tj;mÞ
¼ lim
m-N
X2m	1
j¼0
f ðtj;mÞTðtj;mÞxnðtjþ1;m 	 tj;mÞ
 !
þN
for all #xAEˆT ; where tj;m ¼ 2	mjt; and on the other hand
Tˆf jEˆT #x ¼
Z t
0
f ðtÞTðtÞxn dt
 
þN for all #xAEˆT :
Let lAHo: We show that Tˆ0f and Tˆf jEˆT coincide on the subspace TˆelEˆ of EˆT : Since
Tˆel Eˆ is dense in EˆT and the operators Tˆ0f and Tˆf jEˆT belong to BðEˆTÞ; this yields
Tˆ0f ¼ Tˆf jEˆT :
Let #xATˆel Eˆ; that is, #x ¼ ðRðl; AÞZnÞ þN for some #ZAEˆ: Then
X2m	1
j¼0
f ðtj;mÞTðtj;mÞxnðtjþ1;m 	 tj;mÞ
 !
þN	
Z t
0
f ðtÞTðtÞxn dt
 
þN






¼ lim
F
X2m	1
j¼0
Z tjþ1;m
tj;m
ð f ðtj;mÞTðtj;mÞxn 	 f ðtÞTðtÞxnÞ dt




p lim
F
X2m	1
j¼0
Z tjþ1;m
tj;m
j f ðtj;mÞ 	 f ðtÞj jjTðtÞxnjj dt
 
þ
X2m	1
j¼0
Z tjþ1;m
tj;m
f ðtj;mÞjjTðtj;mÞjj
Z t	tj;m
0
TðsÞARðl; AÞZn ds
   dt
!
p sup
0pjs	tjp2	mt
j f ðsÞ 	 f ðtÞjtMeot lim
F
jjxnjj
þ
X2m	1
j¼0
jj f jjNMeot lim
F
Z tjþ1;m
tj;m
Z t	tj;m
0
MeotjjARðl; AÞZnjj ds dt
p sup
0pjs	tjp2	mt
j f ðsÞ 	 f ðtÞjtMeot lim
F
jjxnjj
þ jj f jjNM2e2ot
X2m	1
j¼0
Z tjþ1;m
tj;m
t 	 tj;m dt
 !
jjARðl; AÞjj lim
F
jjZnjj;
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which converges to zero as m-N: Hence Tˆ0f #x ¼ Tˆf jEˆT #x; and the proposition
follows. &
Corollary 3.7. jjjTˆ0f jjj ¼ jjTf jj for every fAA:
Proof. The assertion follows immediately from Proposition 3.6 and the fact that
jjTf jj ¼ jjjTˆf jE jjjpjjjTˆf jEˆT jjjpjjjTˆf jjj ¼ jjTf jj
for all fAA: &
Our aim is to characterise the generator Aˆ0 of ðTˆ0ðtÞÞtX0: Proposition 3.6 provides
a helpful tool as it applies in particular to the exponential functions el with lAHo:
By Lemma 3.4 and our assumptions, we have jjjTˆ0ðtÞjjj ¼ jjTðtÞjjpMeot for all
tX0: Hence if lAHo; then l belongs to the resolvent set rðAˆ0Þ of Aˆ0; and the
resolvent Rðl; Aˆ0Þ of Aˆ0 has a representation
Rðl; Aˆ0Þ#x ¼
Z N
0
e	ltTˆ0ðtÞ#x dt ¼ Tˆ0el #x:
On the other hand, we have lArðAÞ and Rðl; AÞ ¼ Tel : With Proposition 3.6, it
follows immediately that the resolvent Rðl; Aˆ0Þ of Aˆ0 coincides with the restriction
Rˆ0ðl; AÞ of dRðl; AÞ ¼ Tˆel to EˆT :
Corollary 3.8. Let lAHo: Then Rðl; Aˆ0Þ ¼ Rˆ0ðl; AÞ:
With Corollary 3.8 we obtain the following characterisation of the generator Aˆ0
of ðTˆ0ðtÞÞtX0:
Lemma 3.9. Let lAHo: Then DðAˆ0Þ ¼ Rˆ0ðl; AÞEˆT and
Aˆ0 #x ¼ ðl	 Rˆ0ðl; AÞ	1Þ#x for all #xADðAˆ0Þ:
In particular, for every #xADðAˆ0Þ there exists a sequence ðxnÞnAN in DðAÞ such that
#x ¼ ðxnÞ þN and Aˆ0 #x ¼ ðAxnÞ þN:
Proof. From Corollary 3.8, it follows that
DðAˆ0Þ ¼ Rðl; Aˆ0ÞEˆT ¼ Rˆ0ðl; AÞEˆT ¼ fðRðl; AÞxnÞ þN j ðxnÞ þNAEˆTg
and Aˆ0 ¼ ðl	 Rðl; Aˆ0Þ	1Þ ¼ ðl	 Rˆ0ðl; AÞ	1Þ:
If #xADðAˆ0Þ; then there exists #ZAEˆT ; #Z ¼ ðZnÞ þN; such that #x ¼ Rˆ0ðl; AÞ#Z:
Taking xn ¼ Rðl; AÞZnADðAÞ; we have #x ¼ ðxnÞ þN: With the identity ARðl; AÞ ¼
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lRðl; AÞ 	 I and Corollary 3.8, we obtain
Aˆ0 #x	 ððAxnÞ þNÞ ¼ Aˆ0Rˆ0ðl; AÞ#Z	 ððARðl; AÞZnÞ þNÞ
¼ lRˆ0ðl; AÞ#Z	 #Z	 ððlRðl; AÞZn 	 ZnÞ þNÞ
¼ 0:
This completes the proof. &
We can now prove the equivalent of Theorem 2.2 for generators of C0-semigroups.
Theorem 3.10. Let E be a complex Banach space and Eˆ be the F-product of E:
Suppose A is the generator of a C0-semigroup ðTðtÞÞtX0 on E; and Aˆ0 is its F-product,
that is, Aˆ0 is the generator of the C0-semigroup ðTˆ0ðtÞÞtX0 on EˆT as constructed above.
Then
(1) saðAÞ ¼ saðAˆ0Þ ¼ spðAˆ0Þ;
(2) sðAÞ ¼ sðAˆ0Þ:
Proof. To prove part (1), we show that saðAÞDspðAˆ0ÞDsaðAˆ0ÞDsaðAÞ: First, to see
that saðAÞDspðAˆ0Þ; take lAsaðAÞ: By deﬁnition, there exist xnADðAÞ; jjxnjj ¼ 1;
such that ðl	 AÞxn-0 as n-N: Put #x ¼ ðxnÞ þNAEˆ: Then jjj#xjjj ¼ 1;
lim
F
jjðl	 AÞxnjj ¼ lim
n-N
jjðl	 AÞxnjj ¼ 0;
that is, ððl	 AÞxnÞAN; and for every mX1;
jjjTˆfm #x	 #xjjj
p lim
F
Z N
0
fmðtÞjjTðtÞxn 	 eltxnjj dt þ
Z N
0
fmðtÞjelt 	 eotj dtjjxnjj
 
p lim
F
Z N
0
fmðtÞ
Z t
0
jelðt	sÞj jjTðsÞjj jjðl	 AÞxnjj ds dt
þ m
Z 1
m
0
e	otjelt 	 eotj dt lim
F
jjxnjj
pMm
Z 1
m
0
Z t
0
eðRe l	oÞðt	sÞ ds dt lim
F
jjðl	 AÞxnjj þ m
Z 1
m
0
jeðl	oÞt 	 1j dt
¼ m
Z 1
m
0
jeðl	oÞt 	 1j dt:
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The latter tends to zero as m-N: Hence #xAEˆT : Moreover, since
jjjTˆ0ðtÞ#x	 elt #xjjj ¼ lim
F
Z t
0
elðt	sÞTðsÞðl	 AÞxn ds
   ¼ 0;
we have Tˆ0ðtÞ#x ¼ elt #x: This yields #xADðAˆ0Þ and Aˆ0 #x ¼ l#x:
The inclusion spðAˆ0ÞDsaðAˆ0Þ follows by deﬁnition.
Next, we show that saðAˆ0ÞDsaðAÞ: Let lAsaðAˆ0Þ: Then there exist #xmADðAˆ0Þ
with jjj#xmjjj ¼ 1; such that jjjðl	 Aˆ0Þ#xmjjj-0 as m-N: By Lemma 3.9, we can
assume that #xm ¼ ðxmn Þ þN with xmn ADðAÞ for all nX1; and ðl	 Aˆ0Þ#xm ¼ ððl	
AÞxmn Þ þN: Given kAN; there exists mkAN such that jjjðl	 Aˆ0Þ#xmjjjo 12k for all
mXmk: Since
jjjðl	 Aˆ0Þ#xmk jjj ¼ lim
F
jjðl	 AÞxmkn jj ¼ inf
FAF
sup
nAF
jjðl	 AÞxmkn jj;
there exists FkAF such that supnAFk jjðl	 AÞxmkn jjo 12k: From
1 ¼ jjj#xmk jjj ¼ lim
F
jjxmkn jj ¼ inf
FAF
sup
nAF
jjxmkn jj;
we obtain supnAFk jjxmkn jjX1: Hence there exists nkAFk such that jjxmknk jjX12: Consider
the sequence ðZkÞkAN; where Zk ¼ 1jjxmknk jj x
mk
nk
: We have ZkADðAÞ and jjZkjj ¼ 1 for all
kAN: Further
lim
k-N
jjðl	 AÞZkjj ¼ lim
k-N
1
jjxmknk jj
jjðl	 AÞxmknk jjp limk-N 2
1
2k
¼ 0:
This implies lAsaðAÞ:
To prove part (2), it remains to show that srðAÞDsrðAˆ0Þ and rðAÞDrðAˆ0Þ:
We show ﬁrst that srðAÞDsrðAˆ0Þ: If lAsrðAÞ; then there exists ZAE such that
jjðl	 AÞx	 ZjjX1 for all xADðAÞ: Put #Z ¼ ðZ; Z; Z;yÞ þN: Then #ZAEˆT and for
every #xADðAˆ0Þ we have
jjjðl	 Aˆ0Þ#x	 #Zjjj ¼ lim
F
jjðl	 AÞxn 	 ZjjX1:
Hence lAsrðAˆ0Þ:
Finally, we prove that rðAÞDrðAˆ0Þ: Let lArðAÞ: Then l	 Aˆ0 is injective by part
(1). We have to show that l	 Aˆ0 is also surjective. But this follows from the fact that
if #xAEˆT ; then Rˆ0ðl; AÞ#x ¼ ðRðl; AÞxnÞ þNADðAˆ0Þ and ðl	 Aˆ0ÞRˆ0ðl; AÞ#x ¼ #x: So
l	 Aˆ0 is surjective and lArðAˆ0Þ: &
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4. An ultraproduct construction for group representations
Let G be a compactly generated locally compact group and ðp; HpÞ be a strongly
continuous unitary representation of G: We construct the ultraproduct representa-
tion as follows. The reader familiar with the theory of group representations will
recognise a well-known structure.
Let U be a free ultraﬁlter on N and cHp be the corresponding ultraproduct of Hp;
as deﬁned in Section 2. The representation p extends to a unitary representation #p of
G on cHp by setting #pðgÞ ¼ dpðgÞ for every gAG: However, #p is in general not strongly
continuous. As in the semigroup construction, we consider the restriction of #p to an
appropriate subspace of cHp:
Since p is a unitary representation of G; it can be extended to a representation of
the Banach convolution algebra L1ðGÞ by setting
pð f Þx ¼
Z
G
f ðgÞpðgÞx dmðgÞ for fAL1ðGÞ and xAHp:
Here, m is the left Haar measure on G: It follows that jjpð f Þjjpjj f jj1: We write #pð f Þ
for the associated operator dpð fÞABðcHpÞ:
Let ð faÞaAI be an approximate identity in L1ðGÞ; that is, ð faÞaAI is a family of non-
negative functions in L1ðGÞ; indexed by an ordered set I ; which satisﬁes jj fajj1 ¼ 1
for all aAI ; and for every neighbourhood V of the identity e in G; there exists aVAI
such that suppð faÞDV for all aXaV : As in Section 3, the use of more general
‘approximate identities’ does not change our results.
We deﬁne
Hˆ0 ¼ f#xAcHp j jjj #pð faÞ#x	 #xjjj-0 as fa-deg:
Here, de denotes the Dirac operator at the identity.
We note ﬁrst that the deﬁnition of Hˆ0 is independent of the particular approximate
identity chosen.
Lemma 4.1. Let ðgbÞbAJ be any approximate identity in L1ðGÞ: Then
Hˆ0 ¼ f#xAcHp j jjj #pðgbÞ#x	 #xjjj-0 as gb-deg:
Proof. Let #xAHˆ0: Given e40; there exists aAI such that jjj #pð faÞ#x	 #xjjjoe: Then
jjj #pðgbÞ#x	 #xjjjp jjj #pðgbÞð#x	 #pð faÞ#xÞjjj þ jjj #pðgb  faÞ#x	 #pð faÞ#xjjj þ jjj #pð faÞ#x	 #xjjj
p ðjjj #pðgbÞjjj þ 1Þjjj #pð faÞ#x	 #xjjj þ jjj #pðgb  fa 	 faÞjjj jjj#xjjj
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p 2eþ jjgb  fa 	 fajj1jjj#xjjj
p 3e
for gb sufﬁciently close to de because gb  fa 	 fa-0 in L1ðGÞ as gb-de: It follows
that jjj #pðgbÞ#x	 #xjjj-0 as gb-de: Conversely, if #xAcHp satisﬁes jjj #pðgbÞ#x	 #xjjj-0
as gb-de; then the analogous argument with gb and fa interchanged yields that
jjj #pð faÞ#x	 #xjjj-0 as fa-de; and #xAHˆ0: &
Lemma 4.2. The space Hˆ0 is a non-trivial, #p-invariant closed subspace of cHp:
Proof. A 3e-argument shows that Hˆ0 is a closed subspace of cHp: It is a non-trivial
subspace because Hp is embedded in Hˆ0:
To see the #p-invariance, ﬁx any element gAG and any approximate
identity f fagaAI in L1ðGÞ: Deﬁne ig3fa by ig3faðhÞ ¼ mðg	1Þfaðghg	1Þ; where
m is the modular function on G: Then fig3fagaAI is also an approximate
identity. Now, let #xAHˆ0: We have to prove that jjj #pð faÞ #pðgÞ#x	 #pðgÞ#xjjj-0
as fa-de: Since #p is unitary, it is equivalent to show that jjj #pðg	1Þ #pð faÞ #pðgÞ#x	
#xjjj-0 as fa-de: But #pðg	1Þ #pð faÞ #pðgÞ#x ¼ #pðig3faÞ#x: So Hˆ0 is #p-invariant by
Lemma 4.1. &
From Lemma 4.2, it follows that for every gAG; the restriction
#p0ðgÞ ¼ #pðgÞjHˆ0
deﬁnes a unitary operator on Hˆ0:
Lemma 4.3. The unitary representation #p0 of G on Hˆ0 is strongly continuous.
Proof. Let #xAHˆ0: We have to show that #p0ðgÞ#x	 #x-0 as g-e:
Given e40; there exists aAI such that jjj #pð faÞ#x	 #xjjjoe: Then
jjj #p0ðgÞ#x	 #xjjjp jjj #pðgÞð#x	 #pð faÞ#xÞjjj þ jjj #pðgÞ #pð faÞ#x	 #pð faÞ#xjjj þ jjj #pð faÞ#x	 #xjjj
p ðjjj #pðgÞjjj þ 1Þjjj #pð faÞ#x	 #xjjj þ jjj #pð faðg	1ÞÞ 	 faðÞ#xjjj
p 2eþ jj faðg	1Þ 	 faðÞjj1
p 3e
for all g sufﬁciently close to e: &
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Since #p0 is a strongly continuous unitary representation of G; we can consider its
extension to L1ðGÞ given by
#p0ð f Þ#x ¼
Z
G
f ðgÞ #p0ðgÞ#x dmðgÞ for fAL1ðGÞ and #xAHˆ0:
Naturally, one might ask about the connection between the operators #p0ð f Þ and
#pð f Þ: In order to answer this question, we give two other characterisations of Hˆ0:
Lemma 4.4. Hˆ0 ¼ f #pð f Þ#x j fAL1ðGÞ and #xAcHpg:
Proof. Let #xA #pðL1ðGÞÞcHp; that is, #x ¼ #pð f Þ#Z for some fAL1ðGÞ and #ZAcHp; and
ðgaÞaAI be an approximate identity in L1ðGÞ: Then
#pðgaÞ#x ¼ #pðgaÞ #pð f Þ#Z ¼ #pðga  f Þ#Z- #pð f Þ#Z ¼ #x
since ga  f-f in L1ðGÞ: Hence #xAHˆ0: It follows that #pðL1ðGÞÞcHpDHˆ0:
On the other hand, if #xAHˆ0; then #pðgaÞ#x-#x as ga-de: Hence there exists
a sequence ðgamÞmANDL1ðGÞ such that #pðgamÞ#x-#x as m-N: Since
#pðgamÞ#xA #pðL1ðGÞÞcHp for every m40; and, by the Factorisation Theorem [12,
Theorem 32.22], #pðL1ðGÞÞcHp is a closed linear subspace of cHp; this implies
#xA #pðL1ðGÞÞcHp: Thus Hˆ0 is a subset of #pðL1ðGÞÞcHp: &
Lemma 4.5. Hˆ0 ¼ f #pð f Þ#x j fACcðGÞ and #xAcHpg:
Proof. By Hewitt and Ross [11, Theorem 12.10], the space CcðGÞ of all continuous
functions on G with compact support, is a dense subspace of L1ðGÞ: Since
jjj #pð f Þ 	 #pðgÞjjj ¼ jjj #pð f 	 gÞjjj ¼ jjpð f 	 gÞjjpjj f 	 gjj1
for all f ; gAL1ðGÞ; it follows that #pðCcðGÞÞcHp is a dense subset of #pðL1ðGÞÞcHp:
Therefore Hˆ0 ¼ #pðL1ðGÞÞcHp ¼ #pðCcðGÞÞcHp: &
We show next that #p0ð f Þ ¼ #pð f ÞjHˆ0 for all fAL1ðGÞ:
Proposition 4.6. For every fAL1ðGÞ; we have #p0ð f Þ ¼ #pð f ÞjHˆ0 :
Proof. As CcðGÞ is dense in L1ðGÞ; and the maps f/ #p0ð f Þ and f/ #pð f ÞjHˆ0 from
L1ðGÞ into BðHˆ0Þ are continuous, it is sufﬁcient to prove the statement for fACcðGÞ:
ARTICLE IN PRESS
P.-A. Cherix et al. / Journal of Functional Analysis 208 (2004) 31–63 45
Let fACcðGÞ: We have to show thatZ
G
f ðgÞ #p0ðgÞ#x dmðgÞ ¼ #p0ð f Þ#x ¼ #pð f ÞjHˆ0 #x ¼
Z
G
f ðgÞpðgÞxn dmðgÞ
 
þN
for all #x ¼ ðxnÞ þN in Hˆ0:
Take #xA #pðCcðGÞÞcHp; that is, #x ¼ #pðbÞ#Z for some bACcðGÞ and #ZAcHp: Let e40:
Since the functions f ; bACcðGÞ and f ðÞ #p0ðÞ#xACcðG; Hˆ0Þ are uniformly continuous,
there exists a neighbourhood Ue of e such that U
	1
e ¼ Ue and
j f ðgÞ 	 f ðhÞjoe; jbðgÞ 	 bðhÞjoe and jjj f ðgÞ #p0ðgÞ#x	 f ðhÞ #p0ðhÞ#xjjjoe
for all g; hAG such that gh	1AUe: Let K ¼ suppð f Þ ¼ suppð f ðÞ #p0ðÞ#xÞ and
C ¼ suppðbÞ: For every gAK ; put Ve;g ¼ Ueg-gUe: Since K is compact, there exist
g1;y; gmAK such that KD
Sm
j¼1 Ve;gj : Set A1 ¼Ve;g1-K and Aj ¼ ðVe;gj \
S j	1
k¼1 Ve;gkÞ
-K for j ¼ 2;y; m: Then AjDVe;gj for all j; K ¼
Sm
j¼1 Aj and mðKÞ ¼
Pm
j¼1 mðAjÞ: It
follows thatZ
G
f ðgÞ #p0ðgÞ#x dmðgÞ 	
Z
G
f ðgÞpðgÞxn dmðgÞ
 
þN
   
p
Z
K
f ðgÞ #p0ðgÞ#x dmðgÞ 	
Xm
j¼1
f ðgjÞ #p0ðgjÞ#xmðAjÞ






þ
Xm
j¼1
f ðgjÞpðgjÞxnmðAjÞ
 !
þN	
Z
K
f ðgÞpðgÞxn dmðgÞ
 
þN






p
Xm
j¼1
Z
Aj
jjj f ðgÞ #p0ðgÞ#x	 f ðgjÞ #p0ðgjÞ#xjjj dmðgÞ
þ lim
U
Xm
j¼1
Z
Aj
j f ðgÞ 	 f ðgjÞj jjpðgÞxnjj dmðgÞ
þ lim
U
Xm
j¼1
Z
Aj
j f ðgjÞj
Z
G
bðhÞðpðgjhÞZn 	 pðghÞZnÞ dmðhÞ
   dmðgÞ
p
Xm
j¼1
emðAjÞ þ
Xm
j¼1
emðAjÞ lim
U
jjxnjj
þ lim
U
sup
gAG
j f ðgÞj
Xm
j¼1
Z
Aj
Z
KC
jbðg	1j hÞ 	 bðg	1hÞj jjpðhÞZnjj dmðhÞ dmðgÞ
pemðKÞ þ emðKÞjjj#xjjj þ lim
U
sup
gAG
j f ðgÞj
Xm
j¼1
Z
Aj
emðKCÞjjZnjj dmðgÞ
¼ emðKÞ þ emðKÞjjj#xjjj þ e sup
gAG
j f ðgÞjmðKCÞmðKÞjjj#Zjjj:
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This gives #p0ð f Þ#x ¼ #pð f ÞjHˆ0 #x for all #xA #pðCcðGÞÞcHp: But #p0ð f Þ and #pð f ÞjHˆ0
are bounded linear operators on Hˆ0 and #pðCcðGÞÞcHp is dense in Hˆ0: Hence
#p0ð f Þ ¼ #pð f ÞjHˆ0 : &
Corollary 4.7. jjj #p0ð f Þjjj ¼ jjpð f Þjj for every fAL1ðGÞ:
Proof. The assertion follows immediately from Proposition 4.6 and the fact that
jjpð f Þjj ¼ jjj #pð f ÞjHp jjjpjjj #pð f ÞjHˆ0 jjjpjjj #pð f Þjjj ¼ jjpð f Þjj
for all fAL1ðGÞ: &
Next, we prove our ﬁrst spectral theoretic result, namely Proposition 1.1. We recall
the following deﬁnition.
Deﬁnition 4.8. Let G be a locally compact group and ðp; HpÞ be a strongly
continuous unitary representation of G: We say that p has almost invariant vectors if
for every e40 and every compact subset K of G; there exists a unit vector x in Hp
such that
max
gAK
jjpðgÞx	 xjjoe:
Remark. In the case where the group G is compactly generated, it sufﬁces to
take just one compact generating set K : For if K0 is any other compact set in
G; then K0DKn for some ﬁxed n; and then maxgAK jjpðgÞx	 xjjoen yields
maxgAK0 jjpðgÞx	 xjjoe:
The proof of Proposition 1.1 is based on some facts about weak containment of
representations. We brieﬂy recall the deﬁnition: Let ðs; HsÞ and ðp; HpÞ be two
strongly continuous unitary representations of G: Then s is weakly contained in p;
denoted by s!p; if every coefﬁcient of s is a limit, uniform on compact sets, of
coefﬁcients of p: For the details on weak containment, we refer to [9]. Let t be the
trivial representation. It is known that
(a) s!p if and only if jjsð f ÞjjHspjjpð f ÞjjHp for all fAL1ðGÞ (see [8]).
(b) t!p if and only if p has almost invariant vectors (see [4, Section 1.13]).
Proof of Proposition 1.1. We show ﬁrst that (1) implies (2). Fix a compact generating
set K of G: Since p has almost invariant vectors, there exists a sequence ðxnÞnX1DHp
with jjxnjj ¼ 1; such that maxgAK jjpðgÞxn 	 xnjj-0 as n-N:
Deﬁne #x ¼ ðxnÞ þNAcHp: Then jjj #pðgÞ#x	 #xjjj ¼ limU jjpðgÞxn 	 xnjj ¼ 0; that is,
#pðgÞ#x ¼ #x; for all gAK : But every gAG can be written in the form g ¼ g1ygn with
giAK : Hence #pðgÞ#x ¼ #x for all gAG:
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It remains to show that #xAHˆ0: Take any approximate identity ð faÞaAI in L1ðGÞ:
Let U be a precompact neighbourhood of e: Then there exists mAN such that
UDKm: It follows that
jjj #pð faÞ#x	 #xjjj ¼ lim
U
Z
G
faðgÞðpðgÞxn 	 xnÞ dmðgÞ
  
p 2
Z
G\U
j faðgÞj dmðgÞ þ
Z
U
j faðgÞj dmðgÞ
 
lim
U
sup
gAU
jjpðgÞxn 	 xnjj
p 2
Z
G\U
j faðgÞj dmðgÞ þ m lim
U
max
gAK
jjpðgÞxn 	 xnjj
¼ 2
Z
G\U
j faðgÞj dmðgÞ:
Since ð faÞaAI is an approximate identity,
R
G\U j faðgÞj dmðgÞ-0 as fa-de: Hence
#xAHˆ0:
Assume now that (2) holds; we shall prove (1). If #p0 has a non-zero ﬁxed vector,
then t! #p0: By property (a), we have jjtð f Þjjpjjj #p0ð f Þjjj for all fAL1ðGÞ: However,
jjj #p0ð f Þjjj ¼ jjpð f Þjj by Corollary 4.7. Hence jjtð f Þjjpjjpð f Þjj for all fAL1ðGÞ; and,
again by property (a), t!p: &
Remark. (1) This argument generalises to show that if r is weakly contained
in p; then r is strongly contained in #p0: This means that, in general, #p0 is a
representation on a non-separable Hilbert space. For instance, if we take p to be the
regular representation of R on L2ðRÞ; then #p0 contains the uncountably many
characters on R:
(2) For more general locally compact groups G; the same theorem can be proved
provided that ‘‘bigger’’ ultrapower representations are considered: the set N must be
replaced by the net of compact subsets of G ordered by inclusion.
5. Two inﬁnitesimal constructions
Let G be a connected, ﬁnite-dimensional Lie group, g be its Lie algebra, UðgÞ
be its enveloping algebra and ðp; HpÞ be a strongly continuous unitary representation
of G:
It is well known that p induces a representation dp of g deﬁned by
dpðXÞx ¼ d
dt
pðexpðtX ÞÞxjt¼0
for every XAg and every x in the subspace CNðHpÞ of CN-vectors in Hp: We call dp
the infinitesimal representation of g: It extends to a representation of UðgÞ (see [6] for
details) which we also denote by dp:
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We recall that xACNðHpÞ if the map g/pðgÞx belongs to CNðG; HpÞ: Dixmier
and Malliavin [7] proved that CNðHpÞ coincides with the G(arding space of p; that is,
CNðHpÞ ¼ spanfpð f Þx j fACNc ðGÞ; xAHpg:
In particular, CNðHpÞ is a dense subspace of Hp:
Now let U be a free ultraﬁlter on N; and ð #p0; Hˆ0Þ be the ultraproduct
representation of G induced by ðp; HpÞ as deﬁned in Section 4.
Deﬁnition 5.1. The ultraproduct d #p0 of dp is the inﬁnitesimal representation on
CNðHˆ0Þ obtained by differentiation of the ultraproduct representation ð #p0; Hˆ0Þ of
ðp; HpÞ:
As mentioned above, the inﬁnitesimal representation d #p0 of g extends to a
representation of the enveloping algebra UðgÞ of G: We show next that the operators
d #p0ðuÞ with uAUðgÞ are easily described.
Lemma 5.2. Let uAUðgÞ: Then
d #p0ðuÞ#x ¼ ðdpðuÞxnÞ þN for all #xACNðHˆ0Þ ¼ Dðd #p0ðuÞÞ:
Proof. First take XAg: Let fACNc ðGÞ and #xAHˆ0: Then #p0ð f Þ#xACNðHˆ0Þ and for
every t40;
1
t
ð #p0ðexpðtX ÞÞ #p0ð f Þ#x	 #p0ð f Þ#xÞ 	 ðdpðXÞpð f ÞxnÞ þN
   
¼ lim
U
1
t
ðpðexpðtX ÞÞpð f Þxn 	 pð f ÞxnÞ 	 dpðXÞpð f Þxn
  
¼ lim
U
Z
G
1
t
ð f ðexpð	tX ÞgÞ 	 f ðgÞÞ 	 d
ds
f ðexpð	sX ÞgÞjs¼0
 
pðgÞxn dmðgÞ
  
p
Z
G
1
t
ð f ðexpð	tX ÞgÞ 	 f ðgÞÞ 	 d
ds
f ðexpð	sX ÞgÞjs¼0
  dmðgÞ limU jjxnjj:
The latter goes to zero as t-0þ: Hence d #p0ðXÞ #p0ð f Þ#x ¼ ðdpðX Þpð f ÞxnÞ þN: Since
CNðHˆ0Þ ¼ span f #p0ð f Þ#x j fACNc ðGÞ; #xAHˆ0g; it follows that
d #p0ðX Þ#x ¼ ðdpðX ÞxnÞ þN for all #xACNðHˆ0Þ:
If uAUðgÞ; then u ¼ PðX1;y; XnÞ and d #p0ðuÞ ¼ Pðd #p0ðX1Þ;y; d #p0ðXnÞÞ; where
P is a non-commutative polynomial and X1;y; Xn form a basis of g: Since
d #p0ðXÞ #p0ð f Þ#xA #p0ðCNc ðGÞÞHˆ0 for all fACNc ðGÞ; #xAHˆ0 and XAg; we obtain
d #p0ðuÞ#x ¼ ðdpðuÞxnÞ þN for all #xACNðHˆ0Þ: &
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With every uAUðgÞ; we have associated the operator dpðuÞ on Hp and its
ultraproduct d #p0ðuÞ on Hˆ0: However, if uAUðgÞ is such that dpðuÞ generates a C0-
semigroup ðTðtÞÞtX0 on Hp; then we can also use the results of Section 3, starting
with the semigroup ðTðtÞÞtX0 on E ¼ Hp; to obtain a second ultraproduct d #puðuÞ of
dpðuÞ on the Hilbert space Hˆu ¼ EˆT : That is, d #puðuÞ is the generator of the C0-
semigroup ðTˆuðtÞÞtX0 on Hˆu:
In certain cases, we can link the two ultraproducts d #puðuÞ on Hˆu and d #p0ðuÞ on Hˆ0:
We say that uAUðgÞ is universally associated with a convolution semigroup fntgt40;
if fntgt40 is a family of complex Radon measures on G such that ntþs ¼ nt  ns for
all t; s40; and for every strongly continuous unitary representation ðs; HsÞ; the
operator family ðSðtÞÞtX0 given by Sð0Þ ¼ I and
SðtÞx ¼ sðntÞx ¼
Z
G
sðgÞx dntðgÞ for all t40 and #xAHs
is a strongly continuous semigroup on Hs generated by dsðuÞ:
Fix any metric on G that is compatible with the differential structure on G: By
Bðe; rÞ; we denote the ball of radius r centred at e with respect to this metric.
Theorem 5.3. Let G be a connected, finite-dimensional Lie group, g be its Lie
algebra, UðgÞ be its enveloping algebra and ðp; HpÞ be a strongly continuous
unitary representation of G: Suppose uAUðgÞ is universally associated with a con-
volution semigroup fntgt40 which satisfies ntðGÞ ¼ ect for some cAC and all t40;
jntjðGÞpMeot for some MX1; oX0 and all t40; andZ
G\Bðe;rÞ
djntjðgÞ-0 as t-0þ
for every r40: Let ðTðtÞÞtX0 be the semigroup generated by dpðuÞ; that is, TðtÞ ¼
pðntÞ for all t40: Then Hˆ0 is a closed, TˆuðÞ-invariant subspace of Hˆu and d #p0ðuÞ is the
part of d #puðuÞ in Hˆ0: Moreover, the following spectral identities hold:
sðdpðuÞÞ ¼ sðd #p0ðuÞÞ ¼ sðd #puðuÞÞ;
saðdpðuÞÞ ¼ saðd #p0ðuÞÞ ¼ spðd #puðuÞÞ:
Proof. In order to prove the inclusion Hˆ0DHˆu; take #xAHˆ0: We have to show that
jjjTˆfm #x	 #xjjj-0 as m-N; where following Section 3, the operators Tfm with mAN;
are given by
Tfmx ¼ m
Z 1
m
0
e	otpðntÞx dt ¼ m
Z 1
m
0
e	ot
Z
G
pðgÞx dntðgÞ dt for xAHp:
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Let e40 and ð faÞaAI be an approximate identity in L1ðGÞ: Then
jjjTˆfm #x	 #xjjjp ðjjjTˆfm jjj þ 1Þjjj #pð faÞ#x	 #xjjj þ jjjTˆfm #pð faÞ#x	 #pð faÞ#xjjj
p ðM þ 1Þeþ jjjTˆfm #pð faÞ#x	 #pð faÞ#xjjj
for fa sufﬁciently close to de: Further
jjjTˆfm #pð faÞ#x	 #pð faÞ#xjjj
¼ lim
U
m
Z 1
m
0
e	ot
Z
G
ðpðgÞ 	 1Þ
Z
G
faðhÞpðhÞxn dmðhÞ dntðgÞ dt


þm
Z 1
m
0
eðc	oÞt 	 1
 Z
G
faðhÞpðhÞxn dmðhÞ dt


p lim
U
m
Z 1
m
0
e	ot
Z
G
Z
G
j faðg	1hÞ 	 faðhÞj jjpðhÞjj jjxnjj dmðhÞ djntjðgÞ dt
 
þm
Z 1
m
0
eðc	oÞt 	 1  Z
G
j faðhÞj jjpðhÞjj jjxnjj dmðhÞ dt
!
pm
Z 1
m
0
e	ot
Z
G\Bðe;rÞ
djntjðgÞ dt
 !
2jj fajj1 lim
U
jjxnjj
þ m
Z 1
m
0
e	ot
Z
Bðe;rÞ
djntjðgÞ dt
 !
sup
gABðe;rÞ
jj faðg	1Þ 	 faðÞjj1 lim
U
jjxnjj
þ m
Z 1
m
0
eðc	oÞt 	 1  dtjj fajj1 lim
U
jjxnjj
pjjj#xjjj sup
0ptp1
m
Z
G\Bðe;rÞ
2 djntjðgÞ þ eðc	oÞt 	 1
 ( )þ M sup
gABðe;rÞ
jj faðg	1Þ 	 faðÞjj1
24 35:
For any r40; the ﬁrst supremum converges to zero as m-N by our assumption on
the family fntgt40: By taking r sufﬁciently small, the second supremum can be made
arbitrarily small because faðg	1Þ-faðÞ in L1ðGÞ as g-e:
Hence jjjTˆfm #x	 #xjjj-0 as m-N; for all #xAHˆ0; that is, Hˆ0DHˆu: Since the spaces
Hˆ0 and Hˆu are both closed in cHp; Hˆ0 is a closed subspace of Hˆu:
Next, we show that the semigroup ðTˆuðtÞÞtX0 on Hˆu generated by d #puðuÞ; leaves Hˆ0
invariant. Note that TˆuðtÞ ¼ #pðntÞjHˆu for all t40:
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Let t40 and #xAHˆ0: By Lemma 4.4, there are fAL1ðGÞ and #ZAcHp such that
#x ¼ #pð f Þ#Z: Thus
TˆuðtÞ#x ¼ #pðntÞ #pð f Þ#Z
¼
Z
G
Z
G
f ðg	1hÞpðhÞZn dmðhÞ dntðgÞ
 
þN
¼ #pðnt  mf Þ#Z;
where mf is the complex measure on G given by mf ðEÞ ¼
R
E
f ðgÞ dmðgÞ for all
measurable sets EDG: The complex measure nt  mf is ﬁnite and absolutely
continuous with respect to m: Hence by the Radon–Nikodym Theorem, there
exists dt; fAL1ðGÞ such that nt  mf ¼ mdt; f : Following [11, Theorem 20.9], dt; f is given
by dt; f ðgÞ ¼
R
G
f ðh	1gÞ dntðhÞ for almost every gAG: By Lemma 4.4, TˆuðtÞ#x ¼
#pðdt; f Þ#ZAHˆ0:
Since Hˆ0 is a closed, TˆuðÞ-invariant subspace of Hˆu; the operators
Tˆ0ðtÞ ¼ TˆuðtÞjHˆ0 ¼ #pðntÞjHˆ0
with tX0; form a strongly continuous semigroup on Hˆ0: Its generator is the part
d #puðuÞjHˆ0 of d #puðuÞ in Hˆ0: We claim that d #puðuÞjHˆ0 ¼ d #p0ðuÞ:
By assumption, d #p0ðuÞ is the generator of the strongly continuous semigroup
ðSˆ0ðtÞÞtX0 given by Sˆ0ðtÞ ¼ #p0ðntÞ for all t40: To prove our claim, we show that the
semigroups ðSˆ0ðtÞÞtX0 and ðTˆ0ðtÞÞtX0 coincide. Since C0-semigroups uniquely deter-
mine their generator, this implies d #p0ðuÞ ¼ d #puðuÞjHˆ0 :
Let t40: Take #xA #p0ðCNc ðGÞÞHˆ0; that is, #x ¼ #p0ð f Þ#Z for some fACNc ðGÞ and
#ZAHˆ0: Then
Sˆ0ðtÞ#x ¼ #p0ðntÞ #p0ð f Þ#Z ¼ #p0ðnt  mf Þ#Z ¼ #p0ðdt; f Þ#Z:
By Proposition 4.6, #p0ðdt; f Þ#Z ¼ ðpðdt; f ÞZnÞ þN: Hence
Sˆ0ðtÞ#x ¼ ðpðdt; f ÞZnÞ þN ¼ ðpðntÞ pð f ÞZnÞ þN ¼ Tˆ0ðtÞ #p0ð f Þ#Z ¼ Tˆ0ðtÞ#x:
It follows that Sˆ0ðtÞ#x ¼ Tˆ0ðtÞ#x for all #xACNðHˆ0Þ: Since CNðHˆ0Þ is dense in Hˆ0 and
the operators Sˆ0ðtÞ and Tˆ0ðtÞ are bounded, this gives Sˆ0ðtÞ ¼ Tˆ0ðtÞ:
By Theorem 3.10, we already know that sðdpðuÞÞ ¼ sðd #puðuÞÞ and that
saðdpðuÞÞ ¼ saðd #puðuÞÞ ¼ spðd #puðuÞÞ: So to prove the second part of our claim, it
is sufﬁcient to show that saðdpðuÞÞDsaðd #p0ðuÞÞDsaðd #puðuÞÞ and
srðdpðuÞÞDsrðd #p0ðuÞÞDsrðd #puðuÞÞ:
ARTICLE IN PRESS
P.-A. Cherix et al. / Journal of Functional Analysis 208 (2004) 31–6352
If lAsaðdpðuÞÞ; then there exists a sequence of unit CN-vectors xn in Hp such
that jjðl	 dpðuÞÞxnjj-0 as n-N: As Hp embeds isometrically into Hˆ0
and dpðuÞDd #p0ðuÞ; l is in the approximate point spectrum of d #p0ðuÞ: Hence
saðdpðuÞÞDsaðd #p0ðuÞÞ: Similarly, if lAsaðd #p0ðuÞÞ; then there exist unit CN-vectors
#xn in Hˆ0 such that jjjðl	 d #p0ðuÞÞ#xnjjj-0 as n-N: Since Hˆ0DHˆu and
d #p0ðuÞDd #puðuÞ; we have lAsaðd #puðuÞÞ: So the ﬁrst set of inclusions is proved.
For the second set of inclusions, we ﬁrst note that the adjoint semigroup
ðTðtÞÞtX0 of ðTðtÞÞtX0 is given by TðtÞ ¼ pðntÞ ¼ pð%n	1t Þ for all t40; where %n	1t is
the complex measure given by
%n	1t ðEÞ ¼
Z
E
dntðg	1Þ ¼ ntðE	1Þ for every measurable set EDG:
In particular, the semigroup ðTðtÞÞtX0 satisﬁes the hypotheses of Theorem 5.3.
From the above, it follows that the operators #pð%n	1t Þ leave the space Hˆ0 invariant and
that we have Tˆ 0 ðtÞ ¼ #pð%n	1t ÞjHˆ0 for all t40:
Now, if lAsrðdpðuÞÞ; then by [17, Theorem A.III 6.3], eltAsrðTðtÞÞ for any t40:
Hence there exists ZAHp such that /ðelt 	 TðtÞÞx; ZS ¼ 0 for all xAHp: But ZAHˆ0
and for every #xAHˆ0; we have
0ðelt 	 Tˆ0ðtÞÞ#x; ZT ¼ lim
U
/ðelt 	 TðtÞÞxn; ZS ¼ lim
U
0 ¼ 0:
This means eltAsrðTˆ0ðtÞÞ and, by [17, Theorem A.III 6.3], lAsrðd #p0ðuÞÞ:
Finally, assume that lAsrðd #p0ðuÞÞ: Then eltAsrðTˆ0ðtÞÞ and there exists #ZAHˆ0\f0g
such that
0 ¼ 0ðelt 	 Tˆ0ðtÞÞ#x; #ZT ¼0#x; ðe%lt 	 Tˆ0ðtÞÞ#ZT ¼0#x; ðe%lt 	 #pð%n	1t ÞÞ#ZT
for all #xAHˆ0: Since ðe%lt 	 #pð%n	1t ÞÞ#ZAHˆ0; it follows that
0 ¼ 0#x; ðe%lt 	 #pð%n	1t ÞÞ#ZT ¼0ðelt 	 #pðntÞÞ#x; #ZT
for all #xAcHp: In particular, we have
0ðelt 	 TˆuðtÞÞ#x; #ZT ¼0ðelt 	 #pðntÞÞ#x; #ZT ¼ 0
for all #xAHˆu: That is, eltAsrðTˆuðtÞÞ and lAsrðd #puðuÞÞ: &
Theorem 5.3 applies in particular to any element uAUðgÞ such that dpð	uÞ is a
strongly elliptic operator.
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Let fX1;y; Xng be a basis of the Lie algebra g of G and uAUðgÞ: Then u is given
by a non-commutative polynomial in the Xi; that is, u is of the form
u ¼
X
1pjajpm
caX
a þ c0;
where the summation is over all k-tuples a ¼ ða1;y; akÞ with 1pkpm and
ajAf1;y; ng for 1pjpk; and jaj ¼ k; caAC and X a ¼ Xa1yXak : We assume that at
least one of the coefﬁcients ca with jaj ¼ m is non-zero.
Suppose that dpð	uÞ is strongly elliptic, that is, m is even and
Re ð	1Þm2þ1
X
jaj¼m
caz
a
0@ 1A40 for all zARn:
Then by two results of Langlands (see, for example, [19, Theorems I.5.1, III.2.1]), the
element u is universally associated with a convolution semigroup. More precisely,
dpðuÞ is the generator of a holomorphic C0-semigroup ðTðtÞÞtX0: Moreover, by
[19, Theorem III.2.1], there exist functions ktAL1ðGÞ with t40 (depending only on
G; u and the basis fX1;y; Xng of g) such that
(i) TðtÞx ¼ R
G
ktðgÞpðgÞx dmðgÞ ¼ pðktÞx for all t40 and xAHp;
(ii) ktþs ¼ kt  ks for all t; s40;
(iii)
R
G
ktðgÞ dmðgÞ ¼ e	c0t (see [19, Equation III.(5.2)]),
(iv)
R
G
jktðgÞj dmðgÞpMeot for some MX1; oX0 and all t40 (see [19, Corollary
III.2.4]),
(v) for every open neighbourhood U of e;Z
G\U
jktðgÞj dmðgÞ-0 as t-0þ
(see [19, Theorem III.4.1]).
Hence the element uAUðgÞ satisﬁes the hypotheses of Theorem 5.3 with the
complex measures nt ¼ kt dm:
Note that the functions kt are positive if and only if m ¼ 2 and all the coefﬁcients
ca of u are real [19, Theorem III.5.1].
Corollary 5.4. Suppose uAUðgÞ is such that dpð	uÞ is strongly elliptic. Then
d #p0ðuÞ ¼ d #puðuÞ:
In particular, the following spectral identities hold.
(i) sðdpðuÞÞ ¼ sðd #p0ðuÞÞ;
(ii) saðdpðuÞÞ ¼ saðd #p0ðuÞÞ ¼ spðd #p0ðuÞÞ:
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Proof. By Theorem 5.3, Hˆ0DHˆu and d #p0ðuÞ is the part of d #puðuÞ in Hˆ0: It remains to
show that HˆuDHˆ0:
Since the semigroup ðTðtÞÞtX0 generated by dpðuÞ is holomorphic, it is norm
continuous for t40: Hence by Lemma 3.5,
Hˆu ¼ f#xAcHp j #pðktÞ#x-#x as t-0þg:
But #pðktÞ#xAHˆ0 for all t40 and #xAcHp by Lemma 4.4, and Hˆ0 is a closed subspace ofcHp: Therefore HˆuDHˆ0:
The spectral identities now follow by Theorem 3.10. &
Corollary 5.5. Suppose uAUðgÞ is such that dpð	uÞ is strongly elliptic and that the
principal coefficients fca j jaj ¼ mg of u are real. Then
sðdpðuÞÞ ¼ sðd #p0ðuÞÞ ¼ spðd #p0ðuÞÞ:
Proof. By [19, Theorem I.5.1], the semigroup ðTðtÞÞtX generated by dpðuÞ is
holomorphic in the open right halfplane. This means sðdpðuÞÞ ¼ saðdpðuÞÞ: The
assertion now follows from Corollary 5.4. &
Remark. Of course, the spectral identity in Corollary 5.5 holds for any element
uAUðgÞ such that dpð	uÞ is strongly elliptic and srðdpðuÞÞ\saðdpðuÞÞ ¼ |:
Prime examples of operators satisfying the hypothesis of Corollary 5.5 are the
operators associated with the Laplacians in UðgÞ: Given a basis fX1;y; Xng of the
Lie algebra g of G; the Laplacian D is deﬁned as
D ¼
Xn
i¼1
X 2i :
Clearly, dpð	DÞ is strongly elliptic and the coefﬁcients of D are real. We have thus
proved Theorem 1.2.
The motivation for A. Valette’s suggestion to investigate the ultraproduct
construction was the following characterisation of Kazhdan’s property (T). Recall
that a locally compact group has property (T) if for every strongly continuous
unitary representation of the group with almost invariant vectors, there exists a non-
zero ﬁxed vector.
Corollary 5.6. Let G be a connected Lie group, fXigi¼1;y;n be a basis of the Lie
algebra g of G; and D ¼Pni¼1 X 2i be the associated Laplacian in UðgÞ: The group G
has Kazhdan’s property ðTÞ if and only if for every strongly continuous unitary
representation p of G; 0Aspðd #p0ðDÞÞ implies 0AspðdpðDÞÞ:
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Proof. Let ðp; HpÞ be a strongly continuous unitary representation of G: By
Theorem 1.2, sðdpðDÞÞ ¼ spðd #p0ðDÞÞ: With [2, Theorem 3.1] it follows that p has
almost invariant vectors if and only if 0Aspðd #p0ðDÞÞ:
On the other hand, [2, Proposition 2.5] yields that p has a non-zero ﬁxed vector if
and only if 0AspðdpðDÞÞ: &
Theorem 5.3 also applies to certain subelliptic operators. Let uAUðgÞ be given by
u ¼
Xd
j¼1
X 2i þ X0; ð5:1Þ
where fX0; X1;y; Xdg is a subset of g which generates g as a Lie algebra. Then the
associated operator dpðuÞ is subelliptic. By a theorem of J^rgensen [19, Theorem
IV.4.5], the closure dpðuÞ of dpðuÞ generates a C0-semigroup ðTðtÞÞtX0 on Hp
and there exists a family of probability measures fntgt40 (independent of the
representation p; that is, u is universally associated with fntgt40) such that
(i) TðtÞx ¼ R
G
pðgÞx dntðgÞ ¼ pðntÞx for all t40 and xAHp;
(ii) ntþs ¼ nt  ns for all t; s40;
(iii) for every open neighbourhood U of e;Z
G\U
dntðgÞ-0 as t-0þ:
Thus u satisﬁes the hypotheses of Theorem 5.3.
If uAUðgÞ is as above and in addition, X0AspanfX1;y; Xdg; then the measures nt
are absolutely continuous with respect to the Haar measure m; that is, there exists a
unique family fktgt40 of positive functions in L1ðGÞ such that
TðtÞx ¼
Z
G
ktðgÞpðgÞx dmðgÞ ¼ pðktÞx for all t40 and xAHp
(see [19, Theorem IV.4.13]) and the semigroup ðTðtÞÞtX0 is holomorphic [19,
Corollary IV.4.17].
Corollary 5.7. Let uAUðgÞ be of the form (5.1), where fX1;y; Xdg is a subset of g
that generates g as a Lie algebra, and X0AspanfX1;y; Xdg: Then
d #p0ðuÞ ¼ d #puðuÞ:
The proof is analogous to the proof of Corollary 5.4 and therefore omitted.
Just as in the semigroup construction, for elements uAUðgÞ satisfying the
hypotheses of one of the Corollaries 5.4, 5.5 or 5.7, all of the approximate point
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spectrum of dpðuÞ becomes point spectrum of d #p0ðuÞ: However, we show next that
this desired property does not hold for uAUðgÞ in general.
If X is an element of the Lie algebra g; then the exponential map gives
pðexpðtX ÞÞ ¼ expðtdpðXÞÞ for all tAR:
So every element of the Lie algebra generates a C0-group of contractions.
In particular, with the operator dpðX Þ; we have associated the two ultra-
products d #p0ðXÞ on Hˆ0 and d #pX ðX Þ on HˆX : Further, pðexpðtX ÞÞ ¼ pðdexpðtXÞÞ;
where dexpðtXÞ is the Dirac measure supported in expðtX Þ: Hence we can apply
Theorem 5.3.
Since sðdpðX ÞÞDiR; we have sðdpðX ÞÞ ¼ saðdpðXÞÞ: By Theorem 5.3, it follows
that
sðd #p0ðX ÞÞ ¼ saðd #p0ðX ÞÞ ¼ spðd #pX ðXÞÞ ¼ sðd #pX ðX ÞÞ:
It seems reasonable to ask at this point whether the spectrum of d #p0ðX Þ consists
only of point spectrum. In general, the answer is no, as the following example
shows.
Example 5.8. Consider the two-torus T2: Let X1; X2 be the canonical basis of the Lie
algebra of T2 and let Xy be equal to X1 þ yX2; where y is an irrational number. We
ﬁrst prove the following lemma.
Lemma 5.9. For every strongly continuous unitary representation ðp; HpÞ of
T2; the point spectrum of dpðXyÞ is contained in the set f2piðm þ ynÞ j
m; nAZg:
Proof. The characters of T2 are of the form wm;n with m; nAZ; given by wm;nða; bÞ ¼
expð2piðma þ nbÞÞ for ða; bÞAT2:
Every strongly continuous representation ðp; HpÞ of T2 splits as a direct sum of
characters, that is, Hp ¼"m;nMðm; n; pÞC; where Mðm; n; pÞ is the multiplicity of
wm;n in p; and
pða; bÞx ¼"m;nwm;nða; bÞxm;n ¼"m;n expð2piðma þ nbÞÞxm;n
for xAHp and ða; bÞAT2: So for x in the domain of dpðXyÞ; we have
dpðXyÞx ¼"m;ndwm;nðXyÞxm;n ¼"m;n2piðm þ ynÞxm;n:
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If lAspðdpðXyÞÞ; there exists a non-zero vector x such that
0 ¼ jjdpðXyÞx	 lxjj2
¼
X
m;n
jjdwm;nðXyÞxm;n 	 lxm;njj2
¼
X
m;n
jj2piðm þ ynÞxm;n 	 lxm;njj2:
This means that for every ðm; nÞ; we have the equality 2piðm þ ynÞxm;n ¼ lxm;n: As y
is irrational, there exists one and only one ðm0; n0Þ for which xm0;n0 is not zero, and
2piðm0 þ yn0Þ ¼ l: This proves the inclusion. &
For the left regular representation ðl; L2ðT2ÞÞ of T2; it is clear that the point
spectrum of dlðXyÞ is equal to f2piðm þ ynÞ j m; nAZg; because every character wm;n
belongs to L2ðT2Þ: The same is true for d #l0ðXyÞ by Lemma 5.9 and the fact that
L2ðT2Þ embeds into dL2ðT2Þ0: So we have
spðdlðXyÞÞ ¼ spðd #l0ðXyÞÞ ¼ f2piðm þ ynÞ j m; nAZg:
On the other hand, because y is irrational, we know that sðdlðXyÞÞ ¼ iR and, by
Theorem 3.10, spðdblXyðXyÞÞ ¼ sðdlðXyÞÞ ¼ iR: Hence in this case, the point spectra
of d #l0ðXyÞ and of dblXyðXyÞ do not coincide.
There are intermediate cases of Lie groups G and elements X in their Lie algebras
g such that the point spectrum of d #l0ðX Þ strictly contains the point spectrum of
dlðX Þ: Note that spðdlðX ÞÞDspðd #l0ðXÞÞ always holds, because Hp is isometrically
embedded into Hˆ0: We make use of the well-known result due to G.W. Mackey,
which yields the existence of a quasi-invariant measure on a space of right cosets
(see, for example, [15, Appendix A] or [16]). In order to adapt it to our notation, we
state the result below.
Lemma 5.10. Let G be a locally compact group, H be a closed subgroup of
G and H\G ¼ fHg j gAGg be the space of right cosets of H equipped with the factor
topology. By q we denote the canonical quotient mapping q : G-H\G; g/Hg: Let mG
and mH be left Haar measure on G and H; respectively, and mG and mH be their
modular functions. Given any continuous function r : G-ð0;NÞ such that rðhgÞ ¼
mHðhÞ	1mGðhÞrðgÞ for all gAG and hAH; there exists a non-zero Radon measure n on
H\G such that Z
G
f ðgÞ dmGðgÞ ¼
Z
H\G
f˜ð %gÞ dnð %gÞ for all fAL1ðGÞ;
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where the function f˜ on X is given by
f˜ðqðgÞÞ ¼
Z
H
f ðhgÞ mGðgÞ
rðgÞ dmHðhÞ for all gAG:
Note that if the subgroup H is compact, then mH  1 and r ¼ mG satisﬁes the
hypothesis of Lemma 5.10. In this case, the corresponding measure n is relatively
invariant.
Next, we give an example for which spðdlðXÞÞaspðd #l0ðXÞÞ:
Proposition 5.11. Let G be an amenable connected Lie group, g be its Lie algebra and
ðl; L2ðGÞÞ be the left regular representation of G: Let XAg: If the one-parameter
subgroup fexpðtX Þ j tARg of G is not relatively compact, then spðd #l0ðXÞÞ strictly
contains spðdlðX ÞÞ:
Proof. Let XAg: As G is amenable, the trivial representation is weakly contained in
ðl; L2ðGÞÞ: By Section 4, fact (a), this means that ðl; L2ðGÞÞ has almost invariant
vectors. Proposition 1.1 yields that #l0 has a non-zero ﬁxed vector. Hence 1 is in the
point spectrum of expðtd #l0ðXÞÞ for all tX0; and so 0 is in the point spectrum of
d #l0ðXÞ:
Now suppose XAg is such that the closed subgroup H ¼ fexpðtX Þ j tARg of G is
not compact. Let fAL2ðGÞ such that dlðXÞf ¼ 0: Then lðhÞf ¼ f for all hAH: By
Lemma 5.10, it follows thatZ
G
j f ðgÞj2 dmGðgÞ ¼
Z
H\G
Z
H
j f ðhgÞj2 mGðgÞ
rðgÞ dmHðhÞ dnðqðgÞÞ
¼
Z
H\G
Z
H
j f ðgÞj2 mGðgÞ
rðgÞ dmHðhÞ dnðqðgÞÞ:
Since mG and r are strictly positive, the last double integral is ﬁnite if and only
if f ðgÞ ¼ 0 for almost every gAG: Hence 0 does not belong to the point spectrum
of dlðXÞ: &
Proposition 5.11 can be reﬁned. The argument used in the proof above to
show that 0espðdlðX ÞÞ; yields, in fact, that spðdlðXÞÞ ¼ | if the subgroup
fexpðtX Þ j tARg of G is not relatively compact. However, the point spectrum of
the ultraproduct d #l0ðXÞ is determined by the characters of the group G: We ﬁrst
introduce some notation and prove a technical lemma.
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If G is non-compact and amenable, then for any compact subset K of G; there
exists a family of open subsets An of G of ﬁnite measure such that
sup
gAK
mðAnDgAnÞ
mðAnÞ -0 as n-N; ð5:2Þ
where D denotes the symmetric difference. Let n be the normalised characteristic
function of An; that is,
nðgÞ ¼
1
mðAnÞ1=2
if gAAn;
0 otherwise:
8<:
It is easy to see that n is of norm 1 and for every gAG;
jj n 	 lðgÞ njj22 ¼
mðAnDgAnÞ
mðAnÞ :
Lemma 5.12. Let K be a compact symmetric neighbourhood of e in G; fAngnX1 be a
family of open subsets of G of finite measure satisfying (5.2), and for every n; n be the
normalised characteristic function of An: Then
lim
g-e
sup
nX1
jj n 	 lðgÞ njj2 ¼ 0:
Proof. By assumption,
lim
n-N
sup
gAK
mðAnDgAnÞ
mðAnÞ ¼ 0:
Hence for every e40; there exists N40 such that
e4 sup
gAK
mðAnDgAnÞ
mðAnÞ ¼ supgAK jj n 	 lðgÞ njj
2
2 for all nXN:
Choose dN40 such that the open ball centred at e and with radius dN is contained in
K : For each noN; there exists dn40 such that jj n 	 lðgÞ njj22oe for jjgjjodn
because l is strongly continuous. We set d ¼ minnpN dn: Then d40 because there are
only ﬁnitely many radii dn; and
sup
nX1
jj n 	 lðgÞ njj22oe if jjgjjod;
as required to prove the assertion. &
Let XAg and w be a character of G: Because w is a homomorphism, there exists
aAR such that wðexpðtX ÞÞ ¼ eita for all tAR: Further, for every tAR; w is a formal
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eigenvector of lðexpðtX ÞÞ with respect to the eigenvalue wðexpð	tX ÞÞ ¼ e	ita:
In fact,
lðexpðtX ÞÞwðgÞ ¼ wðexpð	tX ÞgÞ ¼ wðexpð	tX ÞÞwðgÞ ¼ e	itawðgÞ:
But it is clear that w is in L2ðGÞ if and only if G is compact.
For the ultraproduct representation ð#l0; dL2ðGÞ0Þ we obtain the following result.
Proposition 5.13. Let G be a non-compact, amenable connected Lie group, g its
Lie algebra, and ðl; L2ðGÞÞ be the left regular representation of G: Let XAg and w
be a character of G: Then for every tAR; wðexpð	tX ÞÞ ¼ e	ita is an eigenvalue of
#l0ðexpðtX ÞÞ; and there exists kAZ such that 	ia þ 2pik belongs to spðd #l0ðX ÞÞ:
Proof. Take K ; An and n as in Lemma 5.12. Put fn ¼ n w for nX1: Then
jjlðgÞfn 	 fnjj2-0 as g-e; uniformly in n:
This can be seen as follows. Deﬁne aðg; nÞ ¼ An-gAn and bðg; nÞ ¼ AnDgAn: Then
An,gAn ¼ aðg; nÞ,bðg; nÞ for all g; n and
jjlðgÞfn 	 fnjj22
¼
Z
G
j fnðg	1hÞ 	 fnðhÞj2 dmðhÞ
¼
Z
aðg;nÞ
j nðg	1hÞwðg	1hÞ 	 n ðhÞwðhÞj2 dmðhÞ
þ
Z
bðg;nÞ
jlðgÞfnðhÞ 	 fnðhÞj2 dmðhÞ
¼
Z
aðg;nÞ
1
mðAnÞ jwðg
	1Þ 	 1j2jwðhÞj2 dmðhÞ þ
Z
bðg;nÞ
1
mðAnÞ dmðhÞ
pmðaðg; nÞÞ
mðAnÞ jwðg
	1Þ 	 1j2 þ mðAnDgAnÞ
mðAnÞ :
Now, mðaðg;nÞÞmðAnÞ p1 because aðg; nÞCAn; and jwðg	1Þ 	 1j
2-0 as g-e: Thus the ﬁrst
part of the sum tends to 0 as g goes to e; uniformly in n: The second term of the sum,
mðAnDgAnÞ
mðAnÞ ¼ jj n 	 lðgÞ njj
2
2;
converges to zero as g-e; uniformly in n; by Lemma 5.12. For the ultraproduct
construction, this means that fˆ ¼ ð fnÞ þN belongs to dL2ðGÞ0: Moreover, since
ð fnÞnAN is a sequence of unit functions, we have jjj fˆ jjj ¼ 1:
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Lemma 5.12 and the semigroup property yield that for every tAR;
jjlðexpðtX ÞÞfn 	 e	ita fnjj2-0 as n-N:
This gives jjj#l0ðexpðtX ÞÞfˆ 	 e	itafˆjjj ¼ 0: Hence e	ita belongs to the point spectrum of
#l0ðexpðtX ÞÞ:
By the spectral mapping theorem for the point spectrum of C0-semigroups
(see [17, Theorem A-III 6.3]), it follows that
spð#l0ðexpðtX ÞÞÞ ¼ expðtspðd #l0ðXÞÞÞ for all tAR
because d #l0ðX Þ is the generator of the C0-group ð#l0ðexpðtX ÞÞÞtAR: Thus there exists
an integer k such that 	ia þ 2kpi belongs to spðd #l0ðXÞÞ: &
Example 5.14. As an example for Proposition 5.13, consider G ¼ R2: It is easy to see
that dlðX Þ has no point spectrum for any X ¼ X1 þ yX2 with y in R\Q; in the Lie
algebra of R2: On the other hand, for any ðn; mÞAR2; there exists a character wn;m
deﬁned by
wn;mðx; yÞ ¼ exp½iðxnþ ymÞ:
So formally dlðXÞwn;m ¼ iðnþ ymÞwn;m: By Proposition 5.13, we obtain that iðnþ ymÞþ
2kpiAspðd #l0ðXÞÞ for some integer k:
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